The steady state solutions of two mathematical models are used to evaluate Munch's pressure-flow hypothesis of phloem translocation. The models assume a continuous active loading and unloading of translocate but differ in the site of loading and unloading and the route of water to the sieve tube. The dimensions of the translocation system taken are the average observed values for sugar beet and are intended to simulate translocation from a mature source leaf to an expanding sink leaf. The volume flow rate of solution along the sieve tube, water flow rate into the sieve tube, hydrostatic pressure, and concentration of sucrose in the sieve tube are obtained from a numerical computer solution of the models. The mass transfer rate, velocity of translocation, and osmotic and hydrostatic pressures are consistent with empirical findings. Owing to the resistance to water flow offered by the lateral membranes, the hydrostatic pressure generated by the osmotic pressure can be considerably less than would be predicted by the solute concentration. These models suggest that translocation at observed rates and velocities can be driven by a water potential difference between the sieve tube and surrounding tissue and are consistent with the pressure-flow hypothesis of translocation.
The generation of sufficient hydrostatic pressure to overcome the resistance to solution flow offered by the sieve tube and sieve plates remains a central problem in the consideration of Munch's pressure-flow hypothesis as the mechanism of translocation in the phloem. The hydrostatic pressure available to drive solution flow has been estimated from the concentration of solutes in sieve tube sap (22, 25) . However, owing to resistance to water flow offered by the membranes between the sieve tube and surrounding tissue, the hydrostatic pressure in the sieve tube could be considerably less than the osmotic pressure predicted on the basis of sieve-tube-sap solute concentration.
A number of mathematical models have been formulated to describe translocation in the phloem (7, 9, 11, 17; 4 for review). However, most of these models have been concerned solely with the movement of radioactive tracers (2, 9, 11) and have not dealt with the osmotic and hydrostatic pressures in sieve tubes or the movement of water into and through sieve tubes. A recent attempt to quantify these aspects of the translocation process (8) failed to deal realistically with sieve tube anatomy, including the dimensions of the sieve tube, and ignored the presence of sieve plates. In addition, translocation is a continuous process, and a model attempting to simulate translocation should include continuous loading and unloading of translocate.
This paper describes two mathematical models based on irreversible thermodynamics that attempt to quantify the pressure-flow hypothesis of phloem translocation. These models can be used to predict the osmotic and hydrostatic pressure required to drive solution flow in sieve tubes and to evaluate the pressure-flow hypothesis as a plausible mechanism of translocation.
DESCRIPTION OF THE MODELS
Two models will be considered. In model I, sucrose is assumed to be actively loaded directly into the sieve tube and unloaded from the sieve tube ( Fig. 1) . In model II, accumulation and unloading are assumed to be accomplished by specialized phloem parenchyma cells adjoining the sieve tube, with free movement of solution between these cells and the sieve tube (Fig. 2) . The translocation pathway is composed of three regions of equal length: a source region, a path region, and a sink region (Fig. 1 ). The basic model in both cases consists of a single sieve tube divided into sieve tube elements by sieve plates (Fig. 3 ) and surrounded by a reservoir the water potential of which (f&) is -3 atm. The main difference between models I and II arises from the different membrane areas through which water can enter and leave the translocation pathway. The equations derived below apply to both models I and II.
The assumptions basic to the models are as follows: (a) Sucrose volume flux, J (cm'cm-'sec-1), across a membrane is J = Lp(AP -n) (1) where P is hydrostatic pressure in atm, ,. is osmotic pressure in atm, L, is the membrane conductivity in cm' cm-2sec-'atm-1, and rf is the reflection coefficient for the solute (21) . Since a for sucrose is assumed to equal 1.0 for the lateral membranes, the flux of water from the reservoir into the ith sieve tube element (Fig. 3) is given by
where +o is the water potential in the reservoir; P, and C, are the hydrostatic pressure and sucrose concentration, respectively, in the ith sieve tube element; R is the gas constant; and T is the absolute temperature. The volume flux of the solution down the tube, from the ith element to the i + 1 element (Fig. 3) , is given by
assuming that v = 0 and L8 is the conductivity of the sieve tube and plate. Since water must be conserved, we have
Js._,(l -aCeCDA)A8-_ + J .Ap. = Ji(l -aCi)As. The dimensions of the translocation system taken are average observed values for sugar beet (12, 20) and are intended to simulate translocation from a mature source leaf to an expanding sink leaf. The length of the sieve tube elements are 200 ,tm; and the cross-sectional area increases in linear steps from 3.14 /Im2 to 78.5 Mum2 in the source, remains a constant 78.5 MIm2 in the path, and decreases from 78.5 PLm2 to 3.14 ,Um2 in the sink (Figs. 1 and 2 ). The changes in crosssectional area within the sink and source regions are based on Fisher's (11) observation of a linear relationship between leaf area and the cross-sectional area of the phloem servicing that leaf area. Geiger and Cataldo (12) In sugar beet, the average sieve plate pore diameter is 0.2 Mm, with a plate thickness of 0.4 Mum, and the total pore area is approximately 50% of the plate area (Geiger and Cataldo, unpublished data). Assuming a 15% sucrose solution (viscosity = 1.40 X 10' poise at 25 C), Poiseuille's equation (see Horwitz [18] for justification) yields a L, for the sieve plate of 11.23 cm sec' atm-'. In the path region, a sieve tube cross-sectional area of 78.5 Mm2 (diameter of 10 um) and a sieve tube element length of 200 um gives a L. for the sieve tube element exclusive of sieve plates of 112.3 cm sec' atm'. Combining the L. values for the sieve tube and plate results in a total L. for the sieve tube element of 10.2 cm sec' atm' (see "Appendix"). As the cross-sectional area of the sieve tube (Aa) changes in the source and sink region, L. of the sieve plate remains constant (assuming constant pore size and coverage), while L. of the sieve tube changes with A.. Since the sieve tube L. is much greater than the sieve plate L,, except at the extreme ends of the system, the total L, for the sieve tube element is assumed to be constant. Thus (Fig. 4) . The value of L, is assumed to be 5 x 10-7 cm sec' atm-' and L, is 10.2 cm sec' atm-'. The osmotic and hydrostatic pressure gradients calculated for the path region are 12.0 and 7.1 atm m', respectively, and the velocity (where velocity = volume flow rate/A.i) at the center of the path is 0.9 cm min'.
In the source region the volume flow rate along the sieve tube increases as more sugar and water enter the sieve tube (Fig. 4C ). This increase would also occur in a plant, with the rate and amount of increase dependent on the branching of the minor vein in the source leaf. In the sink region the flow rate decreases as water and solute leave the sieve tube. Note that the velocity increases continually along the sieve tube (Fig. 4C ). In the sink region, the cross-sectional area decreases faster than the volume flow rate, resulting in an increase in velocity. Plant Physiol. Vol. 52, 1973 At the transition from loading in the source to no loading along the path, and then to unloading in the sink, marked changes occur in the concentration and volume flow rates into and along the sieve tube (Fig. 4, C and D) . These changes would also be expected to occur in a plant depending on how sharp the transition is between the source, path, and sink and the unloading rate, if any, in the path.
Of the constants used to characterize the model, L4 is the most difficult to obtain satisfactory values for, but one of the most important in terms of its effects on the translocation system. For this reason, several solutions were obtained for model I with values of L, ranging from 1 X 10-7 to 5 x 10-6 cm sec' atm' (Fig. 5 ). An increase in L4 facilitates the influx of water into the sieve tube, thus decreasing the sugar con (Fig. 6 ). An increase in L, permits a higher flow rate down the sieve tube, resulting in compensatory changes in the velocity and concentration. Note that, although the velocity increases, there is still a decrease in the required pressure gradients (Fig. 6 ). As L, increases, with L4 constant, the hydrostatic pressure gradient required to move the solution down the tube at a given velocity decreases, but the water potential difference across the lateral membrane required to move a given amount of water into the sieve tube remains constant.
Thus, as L. increases, both the hydrostatic and osmotic pressure gradients decrease, with the difference between the gradients approximately constant-but not quite, since there is an increase in the volume of solution moving down the sieve tube (Fig. 6) (13) proposed that these specialized parenchyma cells could actively accumulate translocate followed by solution flow through the plasmodesmata from the specialized parenchyma cells to the sieve tube. To evaluate a loading mechanism of this type, model I was modified to include two companion cells in the source region and one companion cell in the path region (20) (Fig. 2) . Because of a lack of data concerning the contact area and number and frequency of plasmodesmata between the specialized parenchyma cell and sieve tube element, the conductivity (L,) between these two cells is set at infinity and the values of pressure and concentration are identical in both. This would not be an unreasonable assumption, sincẽ Lp for the lateral membrane of the specialized parenchyma cells would presumably be less than L4 for the plasmodesmata (24) .
Values for volume flow rate into and along the sieve tube and the pressure and concentration from the steady state solution of model II are not significantly different from the values obtained with model I (Figs. 4 and 7) . However, the increase in lateral area presented to the bathing solution in model II required a Lp of 2.2 X 10-7 cm sec' atm' for the solution shown in Figure 7 , which is somewhat lower than the L, used for the solution of model I shown in Figure 4 . The osmotic and hydrostatic pressure gradients calculated for the path region were 16.3 and 8.6 atm m', respectively, assuming a L. value of 10.2 cm sec' atm-1. Note that in the solution of model II shown in Figure 7 more water is entering the sieve tube than in model I (Fig. 4) , resulting in a higher velocity and a higher rate of increase in the velocity as compared to model I.
A further comparison of model I to II can be obtained by comparing the models at the same L, value of 5.0 X 10' cm sec-' atm-1 (Figs. 5 and 8) . As a result of the higher Ap, the velocity and hydrostatic pressure gradient are higher and the concentration and osmotic pressure gradient are lower in model II than in model I. In addition, model II appears to be less sensitive to changes in L4 than model I (Figs. 5 and 8 ). When L, is varied, similar results are obtained from both models (Figs. 6 and 9 ).
An analysis of the relationship between the osmotic and hydrostatic pressure gradients and L, and L. can be obtained from Figures 10 (Figs. 10 and 11) . Thus, the osmotic pressure gradient must be sufficient to overcome the resistance of the lateral membranes, sieve tube, and sieve plates, while the hydrostatic pressure gradient must be sufficient to overcome only the resistance of the sieve tube and sieve plates.
DISCUSSION
The results of the steady state solution of models I and II can be compared to empirical data to determine if the models adequately describe translocation in sieve tubes. It is evident from Table I that 10' to 7.0 X 10' cm sec' atm1 (L. = 10.2 cm sece atm-1).
Hammel (17) Water movement in the translocation system is controlled by the water potential difference between the sieve tube and surrounding tissue. The water potential in the sieve tube in the source region must be low enough relative to the water potential in the surrounding tissue to move water across the lateral membranes into the sieve tube. In the sink region, the water potential in the sieve tube must be greater than in the surrounding tissue to move water out of the sieve tube across the lateral membrane. In addition, the water potenial in the sieve tube along the path will not be in thermodynamic equilibrium with the water potential in the surrounding tissue. Thus, if the water potential in the surrounding tissue is the same along the entire sieve tube, the osmotic pressure gradient in the sieve tube will be greater than the corresponding hydrostatic pressure gradient (Figs. 10 and 11) . This difference between the osmotic and hydrostatic pressure gradients would be even greater when the water potential in the surrounding tissue in the sink region is greater than in the source region. This would be normal in a plant with mature leaves serving as the source region and the roots serving as the sink region. In both of the above situations, the lower the lateral membrane conductance, the larger the difference will be between the osmotic and hydrostatic pressure gradients (Figs. 10 and 11) . The osmostic pressure gradient in the sieve tube could be less than the hydrostatic pressure gradient when the water potential in the surrounding tissue in the source region is greater than in the sink region. This could occur when mature source leaves are supplying translocate to immature sink leaves higher on the plant. In the latter case the water potential gradient in the surrounding tissue would be assisting in driving translocation, 
(g hr-' cm72 sieve tube)
6-183 (26) 1 L from 1.0 X 10-' to 5.0 X 10-6 cm sec-'.
2 Lp from 2.2 X 10-8 to 7.0 X 10-7 cm sec-1 atm-'.
Assuming that 20%c of the phloem is sieve tubes.
and the osmotic pressure gradient would provide only a portion of the motive force for solution flow, while in the two previous cases the osmotic pressure gradient provides all the motive force for solution flow5.
Models I and II differ only in the site of loading and in the path of water from the xylem to the sieve tube. The accumulation of label in the specialized parenchyma cells of minor veins (12, 23; Fisher,  unpublished data), and the presence of large-branched plasmodesmata between these cells and the sieve tube elements (7, 13) would tend to support model II. However, additional information is needed concerning vein loading and intercellular translocation of photosynthate in leaves, and the size and frequency of plasmodesmata between the sieve tube and the specialized phloem parenchyma cells.
Models I and II demonstrate that the hydrostatic pressure required to drive solution flow in sieve tubes at observed velocities and mass transfer rates can be produced by the water potential difference between the sieve tube and surrounding tissue. It appears that these mathematical models may adequately describe translocation in sieve tubes and support Munch's pressure-flow hypothesis as a plausible mechanism of translocation, at least over shorter distances. However, this support must be qualified in several respects. The models establish the potential importance of membrane conductivity to a pressure-flow mechanism and demonstrate that the hydrostatic pressure which can be generated by a given osmotic pressure may be much less than the osmotic pressure, rather than equal to it, as is conventionally assumed. Both of these factors further complicate the recognized difficulty of explaining translocation over long distances, such as occurs in trees. To convert Ls to units of cm atm-' sec-1, multiply by 0.987 X 10-6 dyne atm-' Cm-2.
